Abstract. It has long been known that the differential operator D represents a typical example of unbounded operators on many Banach spaces including the classical Fock spaces, the Fock-Sobolev spaces, and the generalized Fock spaces where the weight decays faster than the Gaussian weight. In this note we identify Fock type spaces where the operator admits boundedness, compactness and membership in the Schatten S p class spectral structures. We also showed that its nontrivial spectrum while acting on such spaces is precisely the closed unit disk D in the complex plane.
Introduction
Various order differential operators play fundamental rolls in many part of mathematics including in the study of differential equations. Nevertheless, the operator Df = f ′ often appears as a canonical example of unbounded operators in many Banach spaces including the very classical Hilbert space L 2 (R), the space of continuous functions C( [a, b] ) with the supremum norm, and the likes. Its unboundedness on Fock spaces with the classical Gaussian weight e −|z| 2 and on generalized Fock spaces where the weight decays faster than the Gaussian weight was recently verified in [9] . The same conclusion was also drawn in [11] on the Fock-Sobolev spaces which are typical examples of generalized Fock spaces with weight decaying slower than the Gaussian weight. A natural question to consider is whether there could exist spaces of Fock type where this operator admits richer operator-theoretic properties. Said differently, we would like to know how the function-theoretic properties of the weight functions generating the spaces are related to the operator-theoretic properties of D. The central aim of this note is to investigate this and identify Fock type spaces where the operator D admits some basic spectral properties.
In view of the above discussion, if there could exist generalized Fock spaces on which the operator D acts in a bounded fashion, then the associated weight must decay slower than the k th order Fock-Sobolev spaces with weight e − |z| 2 2 +k log(1+|z|) , where k is a nonnegative integer; see [4, 10, 11] for further information on these spaces. Keeping this in mind, we consider the following setting.
Let m > 0, 0 < p < ∞, and F (m,p) be a class of generalized Fock spaces consisting of all entire functions f for which
where dA denotes the usual Lebesgue area measure on C. With this, we plan to find conditions on m (equivalently on the growth of ψ m (z) = |z| m ) under which D admits boundedness, compactness, and other operator-theoretic structures while acting between the spaces F (m,p) . It turns out that such structures do happen to exist only if the inducing weight function ψ m grows at a rate much slower than the corresponding weight function in the classical Gaussian case ψ 2 (z) = |z| 2 . We precise this in our first main result to follow.
(b) compact if and only if
(ii) Let 0 < q < p < ∞ and m > 0. Then the following statements are equivalent.
The result effectively identifies the generalized Fock spaces on which the differential operator admits boundedness and compactness operator-theoretic structures. In particular, when p = q, the operator D enjoys any of the basic spectral structures on F (m,p) only if the corresponding weight functions ψ m grow at most polynomials of degree not exceeding one. If p < q, then ψ m could grow a bite faster as pq pq + q − p < 1.
On the other hand, if p > q, then ψ m grows slower than a polynomials of degree one. We note in passing that if we replace both the domain and target spaces by the corresponding growth type spaces F (m,∞) which consist of entire functions f for which
the same conclusion, m ≤ 1, follows which can be also seen for example in [1, 7] as a particular instance.
Our next main result gives a condition on the growth of |z| m under which D belongs to the Schatten S p (F (m,2) ) class and also identifies its spectrum. 
Preliminaries
In this section we collect a few basic facts which will be used in the proofs of the main results. From [5] , the Littlewood-Paley type estimate
holds for functions f in the space F (m,p) . Such a formula characterizes the spaces in terms of derivatives, and plays a significant roll specially in the study of integral operators on the spaces.
Lemma 2.1. Let λ ∈ C and 0 < p < ∞. Then for each entire function f for which f e λ ∈ F (m,p) , we have
This is a key estimation result which helps us obtain our main result on the spectrum of the operator D in Theorem 1.2.
Proof. The proof of the lemma follows from some ideas stemmed in the proof of Proposition 1 in [5] . We argue in the direction of contradiction and assume that (2.2) fails to hold. Then, we can find a sequence of entire functions (f n ) satisfying
Now, if K is a compact subset of C, the point evaluation estimate for functions in F (m,p) ( see the analysis in [6] ) gives that
for some positive constant C that depends only on K. From this it follows that the sequence f ′ n converges to zero uniformly on compact subset of C. This shows
that f n also converges to zero uniformly on the compact subsets. We may rewrite
Now the first integral on the right-hand side of (2.3) tends to zero when n → ∞ since f n → 0 uniformly on {z ∈ C : |z| ≤ r}. On the other hand, the second integral is the tile of a convergent integral and hence tend to zero when r → ∞, and the contradiction follows.
We denote by K (m,w) the reproducing kernel of the space F (m,2) at the point w ∈ C. Because of the reproducing property of the kernel and Parseval identity, it holds that
for any orthonormal basis (e n ) n∈N of F (m,2) . An immediate consequence of this representation is that
e n (z)e ′ n (w), and
An explicit expression for the reproducing kernel K (w,m) in the weighted space F (m,2) is still unknown apart from the case when m = 2. From [2] , we already have an estimate for the norm
As a consequence of this, we obtain the following useful estimate for our further consideration.
Lemma 2.2. For each w ∈ C, we have the asymptotic estimate ∂ ∂w
Proof. For simplicity, setting Ψ(r) = r m−2 2 e r m and
then we have that
If we show that
then our conclusion will follow from Lemma 21 of [6] as
To this end, we compute It has been a fairly common practice to test many operator-theoretic properties on the reproducing kernels for the spaces. In the present setting, no explicit expression is known for the kernel function. Thus, for proving our mains results, we will rather use another sequence of test function which replaces the role of the reproducing kernel. Such a sequence was first constructed in [3] and has been further used by several authors for example [6, 13, 9] . We introduce the sequence of test functions as follows. We set
For a sufficiently large positive number R, there exists a number η(R) such that for any w ∈ C with |w| > η(R), there exists an entire function f (w,R) such that (i)
for all z ∈ C and for some constant C that depends on |z| m and R. In particular when z ∈ D(w, Rτ m (w)), the estimate becomes
(ii) f (w,R) belongs to F (m,p) and its norm is estimated by
for all p in the range 0 < p < ∞.
Another important ingredient in our subsequent consideration is the pointwise estimate for subharmonic functions |f | p , namely that
for all finite exponent p and a small positive number σ. The estimate follows from Lemma 2 of [13] . Next, we recall the notion of covering for the space C. We denote by D(w, r) the Euclidean disk centered at w and radius r > 0. Then, we record the following useful covering lemma which is essentially from [6, 12] . Lemma 2.3. Let τ m be as above. Then, there exists a positive σ > 0 and a sequence of points z j in C satisfying the following conditions.
(
) is a covering of C with finite multiplicity N max .
Lemma 2.4. Let R be a sufficiently large number and η(R) be as before. If (z k ) is the covering sequence from Lemma 2.3, then the function
The proof the Lemma follows from a simple variant of the proof of Proposition 9 in [6] or Proposition 1 in [13] .
Proof of the Main results

Proof of Theorem 1.1-Part (i).
Let us first prove the necessity of the condition in part (i), and assume that D : F (m,p) → F (m,q) is bounded. Then, making use of the estimates in (2.8), (2.9), (2.7) and (2.10), we have
for all w ∈ C. It follows that
which holds only if pq(m − 1) + (q − p)(m − 2) ≤ 0 as asserted, and it also gives a one sided estimate for the norm of D.
We now turn to the proof of the sufficiency of the condition in part (i). We use the covering sequences approach along with Lemma 2.3, where the original idea goes back to [12] . Applying (2.1) and (2.10), we estimate
Now for each point z ∈ D(w, στ m (w)), observe that 1 + |z| ≃ 1 + |w|. Taking this into account, we further estimate
Since q ≥ p, applying Minkowski inequality and the finite multiplicity N max of the covering sequence D(z j , 3στ m (z j )), we obtain
from which the sufficiency of the condition and the reverse side of the estimate in (3.1) follow. Thus we estimate the norm by
To prove the compactness, we first assume that the condition m < 2 − pq pq+q−p holds. Then for each positive ǫ, there exists N 1 such that
Next, we let f n to be a uniformly bounded sequence of functions in F (m,p) that converges uniformly to zero on compact subsets of C. Then applying (2.1) and arguing in the same way as in the series of estimations made above, and invoking eventually (3.2) it follows that
Conversely, assume that D is compact, and observe that the normalized sequence f * (w,R) = f (w,R) / f (w,R) (m,p) converges to zero as |w| → ∞, and the convergence is uniform on compact subset of C. Then applying (2.10) and (2.8), we find
We note in passing that in particular when p = q the necessary of the conditions in part (i) could be also established using the sequence of the polynomials (z n ) as test functions. Such polynomials belong to the spaces F (m,p) for all p. Because arguing with polar coordinates and subsequently substitution, we could easily observe that
For the case p < q, an application of such polynomials only gives the condition
which is weaker than the condition in the result since 2(pq − 3(q − p)) p − q + 2pq < pq pq + q − p , for p < q.
3.2.
Proof of Theorem 1.1-Part (ii). We assume 0 < q < p < ∞. As (b) obviously implies (a), we plan to show (a) implies (c) and (c) implies (b). For the first, we follow this classical technique where the original idea goes back to Luecking [8] . Let 0 < q < ∞ and R be a sufficiently large number and (z k ) be the covering sequence as in Lemma 2.3. Then by Lemma 2.4,
) k is the Radmecher sequence of function on [0, 1] chosen as in [8] , then the sequence (a k r k (t)) also belongs to ℓ p with (a k r k (t)) ℓ p = (a k ) ℓ p for all t. This implies that the function
Then, an application of Khinchine's inequality [8] yields
Making use of (3.3), and subsequently Fubini's theorem, we have
Now arguing with this, the covering lemma, and (2.8) leads to the series of estimates
Applying duality between the spaces ℓ p/q and ℓ p/(p−q) , we again get On the other hand, we can find a positive number r ≥ η(R) such that whenever a point z k of the covering sequence (z j ) belongs to {|z| < η(R)}, then D(z k , στ m (z k )) belongs to {|z| < η(R)}. In view of this we estimate 
